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Abstract
The existence of a positive, radial solution for superlinear elliptic boundary value problem in an
exterior domain is proved, by the use of cone expansion fixed point theorem.
 2003 Published by Elsevier Inc.
1. Introduction
Consider the following boundary value problem:
−∆u= f (‖x‖, u) for ‖x‖> 1, x ∈Rn,
u= 0 for ‖x‖ = 1,
u→ 0 as ‖x‖→∞. (1)
Looking for radial solutions u(x) = z(‖x‖), where z :R→ R, one can substitute v(t) =
z((1 − t)1/(2−n)) thus reducing elliptic BVP (1) to the following BVP for ODE, which is
singular at 1:
v′′(t)+ g(t, v(t))= 0 for t ∈ (0,1),
v(0)= v(1)= 0, (2)
where
g(t, v)= 1
(n− 2)2 (1− t)
(2n−2)/(2−n)f
(
(1− t)1/(2−n), v(t)). (3)
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tain the existence of at least one positive solution for (2) and therefore a radial, positive
solution for BVP (1). Our result is an extension of the result of Lee [6], where the case
of nonlinearity with separated variables was treated. Elliptic boundary value problems
in exterior domain were also considered in [1,3,5,7–12]. Problem (2), which generalizes
Emden-Fowler equation, was considered in [13]. In problem (1) we have used the exte-
rior of the unit ball only for the sake of convenient notation (one could replace it with the
exterior of a ball with an arbitrary radius).
2. Main results
First we establish the existence result for (possibly singular at 0 and 1) BVP,
v′′(t)+ g(t, v(t))= 0 for t ∈ (0,1),
v(0)= v(1)= 0, (4)
where g : (0,1)× [0,∞)→R.
We shall use the following theorem due to Guo and Lakshmikantham [4, Theorem
2.3.4].
Theorem 2.1. Let E be a Banach space and let P ⊂ E be a cone in E. Let Ω1 and Ω2 be
two bounded open sets in E such that 0 ∈Ω1 and Ω¯1 ⊂Ω2. Let operatorA :P ∩ (Ω¯2 \Ω1)
→ P be completely continuous. Suppose that one of the two conditions
‖Ax‖ ‖x‖ for any x ∈ P ∩ ∂Ω1 and
‖Ax‖ ‖x‖ for any x ∈ P ∩ ∂Ω2, (5)
or
‖Ax‖ ‖x‖ for any x ∈ P ∩ ∂Ω1 and
‖Ax‖ ‖x‖ for any x ∈ P ∩ ∂Ω2 (6)
is satisfied. Then A has at least one fixed point in P ∩ (Ω¯2 \Ω1).
Let E be the space of continuous functions C([0,1]) with the norm
‖v‖∞ = sup
t∈[0,1]
∣∣v(t)∣∣.
Define a set H by
H =
{
h ∈C(0,1): h > 0,
1∫
0
t (1− t)h(t) dt <∞
}
.
Theorem 2.2. Let g : (0,1)× [0,∞)→ R be a continuous function. Assume that the fol-
lowing conditions hold:
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(0,1) we have
0 g(t, v) hM(t);
(A2) There exists a set A⊂ (0,1) of positive measure such that
lim
v→∞
g(t, v)
v
=∞ uniformly w.r.t. t ∈A;
(A3) There exists a function h ∈H such that
lim
v→0+
g(t, v)
h(t)v
= 0 uniformly w.r.t. t ∈ (0,1).
Then BVP (4) admits at least one positive solution.
Proof. The Green function corresponding to the linear homogeneous problem has the fol-
lowing form:
G(t, s)=
{
s(1− t) for 0 s  t,
t (1− s) for t  s  1, (7)
and enjoys the estimate∣∣G(t, s)∣∣ s(1− s) for all t, s ∈ [0,1]. (8)
Taking, any set of positive measure B ⊂ A ∩ (δ,1 − δ), for some positive δ and A from
(A2), and putting a = infB , b = supB , we define a cone P in E by
P =
{
v ∈E: v(t) 0, t ∈ [0,1], inf
t∈B v(t)min{a,1− b}‖v‖∞
}
. (9)
Then BVP (4) can be restated as the equation in E,
Sv = v, (10)
where S :P →E is defined by
Sv(t)
df=
1∫
0
G(t, s)g
(
s, v(s)
)
ds. (11)
By (A1) and (8) one can see that operator S is well defined on the cone P and maps P
into E. Moreover, it maps all nonnegative functions into the cone P . Indeed, for v  0 we
have by (A1), g(t, v) 0, therefore
inf
t∈B Sv(t)= inft∈B
t∫
0
(1− t)sg(s, v(s)) ds +
1∫
t
t (1− s)g(s, v(s)) ds
 inf
t∈B
( t∫
(1− b)sg(s, v(s)) ds +
1∫
a(1− s)g(s, v(s)) ds
)
0 t
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t∈B
( t∫
0
sg
(
s, v(s)
)
ds +
1∫
t
(1− s)g(s, v(s)) ds
)
min{1− b, a}
1∫
0
s(1− s)g(s, v(s)) ds
min{1− b, a} sup
t∈[0,1]
( t∫
0
s(1− s)g(s, v(s)) ds +
1∫
t
s(1− s)g(s, v(s)) ds
)
min{1− b, a} sup
t∈[0,1]
( t∫
0
s(1− t)g(s, v(s)) ds +
1∫
t
t (1− s)g(s, v(s)) ds
)
=min{1− b, a}‖Sv‖∞.
Now we shall show that S is continuous and compact (i.e., it maps bounded sets in E
into relatively compact ones).
To prove the continuity of operator S we argue as follows: take any v0 ∈ P and a se-
quence vn → v0; then
‖Svn − Sv0‖∞ 
1∫
0
s(1− s)∣∣g(s, vn(s))−g(s, v0(s))∣∣ds.
But the right-hand side of the above, by Lebesgue dominated convergence theorem, tends
to 0 as n→∞, since it converges pointwise and can be estimated by ∫ 10 s(1− s)hM(s) ds,
where M > 0 is chosen to satisfy ‖vn‖∞ M .
To prove that S is compact take any closed ball B(0,M) in P . We shall show that the
functions from S(B(0,M)) = {Sv: ‖v‖∞ M, v ∈ P } are equicontinuous (the domain
[0,1] is compact hence it is equivalent to uniform equicontinuity) and equibounded.
To this end take any t0 and a sequence tn → t+0 (analogously one can deal with tn →
t−0 ) to apply Lebesgue dominated convergence theorem. Then for any v ∈ B(0,M) (i.e.,‖v‖∞ M) by (A1), we have
∣∣Sv(tn)− Sv(t0)∣∣
tn∫
t0
∣∣G(tn, s)−G(t0, s)∣∣hM(s) ds.
Moreover the sequence of functions ψn(s)
df= |G(tn, s)−G(t0, s)|hM(s) converges at each
point s ∈ (0,1) to 0 and using the estimate∣∣G(t, s)∣∣ s(1− s) for any s ∈ (0,1), t ∈ [0,1], (12)
we obtain |ψn(s)|  s(1 − s)hM(s) for any s ∈ (0,1) and n ∈ N and the latter is inte-
grable,
∫ 1
0 s(1−s)hM(s) ds <∞. Therefore by Lebesgue dominated convergence theorem∫ 1
ψn(s) ds→ 0 as n→∞ and |Sv(tn)− Sv(t0)| → 0 as n→∞ uniformly with respect0
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functions Sv for ‖v‖∞ M are equicontinuous.
Take any v ∈ E, ‖v‖∞ < M . By (A1), there exists a function hM ∈ H such that
g(s, v) hM(s) for any s ∈ (0,1). Therefore using estimate (12) one arrives at
sup
t∈[0,1]
∣∣Sv(t)∣∣
1∫
0
s(1− s)hM(s) ds <∞.
Thus we have proved that the functions {Sv: ‖v‖∞ M} are equibounded in E.
Hence the functions from the set {Sv: ‖v‖∞ M} satisfy the assumptions of Ascoli–
Arzelá theorem and in consequence this set must be compact in E. Since M > 0 was
arbitrary we get compactness of the operator S :E→E.
Now we shall show that assumptions (5) from Theorem 2.1 are satisfied.
By (A3) we can choose η > 0 such that η ∫ 10 t (1− t)h(t) dt  1 and there exist R1 > 0
such that for any v R1 and t ∈ (0,1),
g(t, v) h(t)vη. (13)
Hence for any v ∈ P , such that ‖v‖∞ =R1,
Sv(t)=
1∫
0
G(t, s)g
(
s, v(s)
)
ds

1∫
0
s(1− s)g(s, v(s)) ds  η
1∫
0
s(1− s)h(s)v(s) ds  ‖v‖∞.
Therefore ‖Sv‖∞  ‖v‖∞ for any v ∈ ∂Ω1 ∩P , where Ω1 df= {v ∈E: ‖v‖∞ <R1}.
Finally, choose µ > 0 such that µmin{a,1 − b} ∫B G((a + b)/2, s) ds  1 (B,a, b
defined as before). By (A2), there exists such R that for v  R and t ∈ B one has
g(t, v)/v  µ hence, for such v R, one arrives at
inf
t∈B g(t, v) µv.
Let R2 = max{2R1, (min{1 − b, a})−1R} and Ω2 = {v ∈ E: ‖v‖∞ < R2}. Let v ∈ P ∩
∂Ω2, then inft∈B v(t)  min{1 − b, a}‖v‖∞ = min{1 − b, a}R2  R and consequently
g(t, v(t))µv(t) for all t ∈ B . Then
Sv
(
a + b
2
)
=
1∫
0
G
(
a + b
2
, s
)
g
(
s, v(s)
)
ds 
∫
B
G
(
a + b
2
, s
)
g
(
s, v(s)
)
ds
µ
∫
B
G
(
a + b
2
, s
)
v(s) ds
 ‖v‖∞µmin{a,1− b}
∫
G
(
a + b
2
, s
)
ds  ‖v‖∞.B
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fixed point v0 in P ∩ (Ω2 \Ω1).
Moreover, since v0 is nonnegative and ‖v0‖∞  R1 therefore v0(t0) > 0 at some point
t0, but then by (A1) and BVP (4) we obtain that it must be positive in the whole interval
(0,1), which ends the proof. ✷
Remark 1. One can see from the proof of the theorem that the assumption (A2) could be
replaced by
(A2′) There exists a set B ⊂ (δ,1− δ) of positive measure (δ > 0) such that
lim sup
v→∞
g(t, v)
v
> µB uniformly w.r.t. t ∈ B,
where µB
df= (min{a,1 − b} ∫B G(t0, s) ds)−1 and a = infB , b = supB , and t0 ∈
(0,1) is chosen so that µB was minimal.
Let us define the set K df= {p ∈ C((1,∞)): ∫∞1 s(1 − s2−n)p(s) <∞}. Now we are
ready to formulate the main result for elliptic BVP (1).
Theorem 2.3. Let f : (1,∞)× [0,∞)→[0,∞) be a continuous function satisfying
(B1) For any M > 0 there exists a function pM ∈K such that, for any 0 uM , s > 1,
0 f (s,u) pM(s);
(B2) There exists a set B of positive measure such that
lim
u→∞
f (s,u)
u
=∞ uniformly w.r.t. s ∈ B;
(B3) There exists a function p ∈K , such that
lim
u→0+
f (s,u)
p(s)u
= 0 uniformly w.r.t. s ∈ (1,∞).
Then BVP (1) has at least one positive solution.
Remark 2. One can see that even if f (s,0)≡ 0 then we have not only 0 solution but also
a positive one.
Remark 3. One can see from the proof of the theorem that assumption (B2) could be
replaced by
(B2′) There exists a set B ⊂ [1,∞) of positive measure such that
lim sup
v→∞
f (s,u)
u
> LB uniformly w.r.t. t ∈ B,
where LB is sufficiently large.
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only on u. In fact it has not only to depend on s but decay sufficiently quickly as s→∞.
The case of slower decay was considered in [2].
Remark 5. If f (s,u)= p(s)h(u), where p : (1,∞)→ (0,∞) and h : [0,∞)→[0,∞) are
continuous functions, then assumptions from Theorem 2.3 reduce to the following:
(C1) ∫∞1 s(1 − s2−n)p(s) ds < ∞ and infs∈[c,d]p(s) > 0 for some interval [c, d] ⊂
(1,∞);
(C2) limu→∞(h(u)/u) > Lp ;
(C3) limu→0+(h(u)/u)= 0.
Therefore our result is the extension of result [6] to nonlinearities, in which variables do
not have to be separated, the function p may be singular at 1 and h may grow linearly at
infinity.
It includes the following
Example 1. The BVP
−∆u= u
p
‖x‖β for ‖x‖ 1, (14)
where p > 1, β <−2, admits a positive solution satisfying boundary conditions as in (1).
It also applies to the case, in which one cannot separate variables of the function f , as
in the following
Example 2. Consider
−∆u= u
p(‖x‖)
‖x‖β for ‖x‖ 1, (15)
where β > 2 and p :R→R satisfies
1 < inf
s∈[1,∞)p(s).
Then (15) with boundary conditions as in (1) admits a positive solution.
Or to the case of f singular at 1, as in the following
Example 3. Consider
−∆u= u
p
‖x‖β(1− ‖x‖2−n) for ‖x‖ 1. (16)
Equation (16) with zero boundary conditions admits a positive solution.
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